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BUCHSBAUM HOMOGENEOUS ALGEBRAS WITH MINIMAL
MULTIPLICITY
SHIRO GOTO AND KEN-ICHI YOSHIDA
Abstract. In this paper we first give a lower bound on multiplicities for Buchsbaum
homogeneous k-algebras A in terms of the dimension d, the codimension c, the initial
degree q, and the length of the local cohomology modules of A. Next, we introduce the
notion of Buchsbaum k-algebras with minimal multiplicity of degree q, and give several
characterizations for those rings. In particular, we will show that those algebras have
linear free resolutions. Further, we will give many examples of those algebras.
1. Introduction
In this paper we are going to introduce a new class of non-Cohen–Macaulay Buchsbaum
rings with linear resolution. Now let us explain our motivation.
In 1967, Abhyankar [2] proved that for a homogeneous integral domain A over an alge-
braically closed field k, the following inequality holds:
embdim(A) = dimk A1 ≤ e(A) + dimA− 1,
where e(A) (resp. embdim(A)) denotes the multiplicity (resp. the embedding dimension) of
A. In 1970, Sally [13] proved that the same inequality holds for any Cohen–Macaulay local
ring, and called the ring A which satisfies the equality a Cohen–Macaulay local ring with
maximal embedding dimension. In 1982, the first author [5] pointed out that Sally’s result
can be extended to the class of Buchsbaum local rings. Namely, for any Buchsbaum local
ring A, the following inequality holds:
embdim(A) ≤ e(A) + dimA− 1 + I(A),
where I(A) denotes the Buchsbaum invariant (I-invariant) of A. A Buchsbaum local ring
A which satisfies the equality is said to be a Buchsbaum local ring with maximal embedding
dimension. This is equivalent to that A has 2-linear resolution.
On the other hand, the first author [6] in 1983 proved that
e(A) ≥ 1 +
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
m(A)),
and defined the notion of Buchsbaum local rings with minimal multiplicity. He also proved
that those rings have 2-linear resolutions.
Recently, Terai and the second author [16] defined the notion of Buchsbaum rings with
minimal multiplicity with initial degree q for Stanley–Reisner rings, and proved that those
rings have q-linear resolutions. Their result indicates the existence of Buchsbaum homoge-
neous k-algebras with minimal multiplicity of higher initial degree.
The main purpose of this paper is to introduce the notion of Buchsbaum homogeneous
k-algebra with minimal multiplicity of higher (initial) degree and characterize those rings.
Moreover, we will give several examples of those k-algebras.
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Let us explain the organization of our paper. In Section 2, we recall several definitions:
Buchsbaum property, initial degree, regularity, and a-invariant. We also recall two important
theorems for Buchsbaum homogeneous k-algebras: Hoa–Miyazaki theorem, Eisenbud–Goto
theorem. These theorems will play key roles in our proof of the main theorem.
In section 3, we give a lower bound on multiplicities for Buchsbaum homogeneous k-
algebras in terms of its dimension, codimension and initial degree. Namely, we prove:
Theorem 3.2 (Lower bound on multiplicities of Buchsbaum k-algebras). Let A
be a homogeneous Buchsbaum k-algebra with d = dimA ≥ 1, c = codimA ≥ 1 and
q = indegA ≥ 2. Let M denote the unique graded maximal ideal of A. Let Q be a
parameter ideal of A which is generated by a linear system of parameters. Then
(1) Σ(Q) ⊆Mq−1 +Q.
(2) The following inequality holds:
e(A) ≥
(
c+ q − 2
q − 2
)
+
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
M(A)).
Moreover, the equality holds in (1) (or (2)) if and only if [Σ(Q)]n = An for all n ≥ q − 1.
The ring A is said to be a Buchsbaum k-algebra with minimal multiplicity of degree q if
the equality holds. Note that this notion coincides with having minimal multiplicity defined
by the first author (resp. by Terai and the second author) when q = 2 (resp. for Stanley–
Reisner rings). Moreover, those algebras are not Cohen–Macaulay except polynomial rings.
In fact, we know that e(A) ≥
(
c+q−1
q−1
)
if A is Cohen–Macaulay; see, e.g., Proposition 3.1.
In Section 4, we prove the following theorem, which gives a characterization of Buchsbaum
k-algebras with minimal multiplicity of degree q.
Theorem 4.1(Characterization of Buchsbaum k-algebras with minimal multiplic-
ity of degree q). Under the same notation as in Theorem 3.2, the following conditions are
equivalent:
(1) A has minimal multiplicity of degree q.
(2) a(A) = q − d− 2.
(3) HiM(A) = [H
i
M(A)]q−1−i for all i < d and [H
d
M(A)]n = 0 for all n ≥ q − d− 1.
(4) A has q-linear resolution with
d−1∑
i=0
(
d
i
)
lA(H
i
M(A)) =
(
regA+ c− 1
c− 1
)
.
(5) Σ(Q) = Mq−1 +Q, that is, [Σ(Q)]n = An (n ≥ q − 1).
When this is the case, we have
(a) regA = q − 1.
(b) Soc(HdM(A)) = [H
d
M(A)]q−d−2.
In particular, the above theorem yields that any Buchsbaum k-algebra with minimal
multiplicity of degree q has q-linear resolution. Furthermore, we recognize that such a
algebra attains an upper bound on the inequality in Hoa-Miyazaki theorem, Kamoi–Vogel
theorem, respectively; see Remark 4.9.
We also give some examples of Buchsbaum k-algebras A having minimal multiplicity
with depthA = 0. For example, let S be a polynomial ring over a field k with N the graded
maximal ideal of S. If S/J is a homogeneous Cohen–Macaulay k-algebra with (q− 1)-linear
resolution, then A = S/NJ is a Buchsbaum k-algebra with minimal multiplicity of degree q
with depthA = 0.
In Section 5, we give several examples of Buchsbaum k-algebras with minimal multiplicity
of degree q. We first show that any non-Cohen–Macaulay, Buchsbaum k-algebra with e(A) ≤
2
2 has minimal multiplicity of degree at most 3. Note that a Buchsbaum k-algebra with
e(A) = 2 does not necessarily have minimal multiplicity in the sense of Goto [6].
On the other hand, one can find many examples of reduced Buchsbaum k-algebras with
minimal multiplicity of higher degree among Stanley–Reisner rings; see also [16]. On the
other hand, we have no examples of those algebras which are integral domains over an
algebraically closed field.
2. Preliminaries
We first briefly recall the definition of Buchsbaum rings, which was introduced by Stu¨ckrad
and Vogel. Let (A,m) be a Noetherian local ring with the maximal ideal m, andM a finitely
generated A-module of dimM = s.
Definition 2.1 (see, e.g., [15]). The module M is Buchsbaum if it satisfies one of the
following equivalent conditions:
(1) The difference lA(M/QM) − eQ(M) is independent of the choice of a parameter
ideal Q for M , which we denote by IA(M) and we call the Buchsbaum invariant of
M .
(2) Any system of parameters forM forms a weakM -sequence: For any system a1, . . . , as
of parameters for M and for any integer 1 ≤ i ≤ s, one has the equality
(a1, . . . , as)M : ai = (a1, . . . , ai−1)M : m.
(3) Any system of parameters for M forms a d-sequence for M in the sense of Huneke,
that is, the equality
(a1, . . . , ai−1)M : aiaj = (a1, . . . , ai−1)M : aj
holds for all integers 1 ≤ i ≤ j ≤ s.
We say that A is a Buchsbaum ring if A is a Buchsbaum module over itself. The module
M is Cohen–Macaulay if it is Buchsbaum with IA(M) = 0.
Now letM be a Buchsbaum A-module of dimM = s. Then the local cohomology module
Him(M) is a finite-dimensional vector space over A/m for all i 6= s. In particular, mH
i
m(M) =
0 for all i 6= s and Mp is a Cohen–Macaulay Ap-module for all prime p ∈ SuppM \ {m}.
Furthermore, the following formula is known for Buchsbaum invariant:
IA(M) =
s−1∑
i=0
(
s− 1
i
)
lA(H
i
m(M)).
Moreover, if a1 . . . , ar ∈ m is part of a system of parameters for M , then the quotient
module M = M/(a1, . . . , ar)M is also a Buchsbaum A-module and IA(M) = IA(M).
The main target in this paper are homogeneous Buchsbaum k-algebras with linear res-
olutions. In the following, let us recall several fundamental definitions of homogeneous
k-algebras. Let k be an infinite field, and let S = k[X1, . . . , Xv] be a homogeneous poly-
nomial ring with n variables over k with degXi = 1. Let A = S/I be a d-dimensional
homogeneous k-algebra, where I is a graded ideal such that 0 6= I ⊆ (X1, . . . , Xv)
2S. Take
a graded minimal free resolution over S:
0→
⊕
j∈Z
S(−j)βp,j(A)
ϕp
−→ · · ·
ϕ2
−→
⊕
j∈Z
S(−j)β1,j(A)
ϕ1
−→ S → A→ 0,
where βi,j(A) denotes the graded Betti number of A and S(−j) denotes the graded free
S-module with grading given by [S(−j)]n = Sn−j . Then the initial degree of A is defined
by
indegA = min{j ∈ Z : β1,j(A) 6= 0}.
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Let indeg I be the smallest degree of minimal system of generators of I. Note that indegS/I =
indeg I provided that 0 6= I ⊆ (X1, . . . , Xv)
2S. Similarly, the (Castelnuovo–Mumford) regu-
larity is defined by
regA = max{j − i ∈ Z : βi,j(A) 6= 0}.
Then regA ≥ indegA−1, and A has q-linear resolution if the equality holds and indegA = q.
Note that we consider indegA = 1 and regA = 0 provided that A(= S) is a polynomial
ring.
Put M = (X1, . . . , Xv)A, the unique homogeneous maximal ideal of A. Let H
i
M(A)
denote the i th local cohomology module of A. This module has a natural graded structure.
We recall the a-invariant of A:
a(A) = max{n ∈ Z : [HdM(A)]n 6= 0}.
One can compute the regularity of A as follows (see [3]):
regA = min{n ∈ Z : [HiM(A)]j = 0 for all i+ j > n}.
In particular, a(A) + d ≤ regA holds, and the equality holds if A is Cohen–Macaulay.
The homogeneous k-algebra A is Buchsbaum if the local ring AM is Buchsbaum. Fur-
thermore, we use I(A) in replace of I(AM). As for regularity for Buchsbaum k-algebras, the
following theorem is known:
Theorem 2.2 (Hoa–Miyazaki [10]). Suppose that A is a homogeneous Buchsbaum k-algebra
with d = dimA. Then regA ≤ a(A) + d+ 1.
In particular, regA = a(A) + d, or a(A) + d+ 1.
Corollary 2.3. Under the same notation as in Theorem 2.2, we have a(A) ≥ q − d− 2.
Proof. By definition and Theorem 2.2, we have
q − 1 = indegA− 1 ≤ regA ≤ a(A) + d+ 1.
Thus we get the required inequality. 
Now let A = S/I be a homogeneous Buchsbaum k-algebra, and let a1, . . . , ad ∈ A1 be a
linear system of parameters of A and fix it. For an integer ℓ ≥ 1 we set
Q := (a1, . . . , ad)A, Σ(a
ℓ) :=
d∑
i=1
(aℓ1, . . . , â
ℓ
i , . . . , a
ℓ
d) : a
ℓ
i + (a
ℓ
1, . . . , a
ℓ
d).
In particular, we write Σ(Q) = Σ(a) for simplicity. Then Q is a minimal reduction of M,
that is, Mr+1 = QMr for some integer r ≥ 0. The following result plays a key role in this
paper.
Theorem 2.4 (see [6, Theorem 4.1]). Suppose that (A,m) is a Buchsbaum local ring or a
homogeneous k-algebra, and that Q is a minimal reduction of m. Then we have
e(A) = eQ(A) = lA(A/Σ(Q)) +
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
m(A)).
Suppose that A = S/I has q-linear resolution. Then one can take a minimal system
of generators of I whose degree is equal to q and thus I ⊆ Nq, where N = (X1, . . . , Xv)S.
Moreover, A/Q also has q-linear resolution, that is, A/Q ∼= k[Y1, . . . , Yc]/(Y1, . . . , Yc)
q, where
c = codimA. In the case of Buchsbaum rings, the following criterion for having q-linear
resolution is known:
Theorem 2.5 (Eisenbud–Goto [3, Corollary 1.15]). Suppose that A is a homogeneous Buchs-
baum k-algebra with dimA = d. Then the following conditions are equivalent:
(1) A has q-linear resolution.
(2) HiM(A) = [H
i
M(A)]q−1−i for all i < d and [H
d
M(A)]n = 0 for all n ≥ q − d.
(3) Mq = QMq−1.
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3. Lower bound on multiplicities
In [6], the first author proved an inequality
(3.1) e(A) ≥ 1 +
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
m(A))
for any d-dimensional Buchsbaum local ring (A,m) and called it a Buchsbaum local ring
with minimal multiplicity if the equality holds. The main purpose of this section is to
prove an improved version of the above inequality for homogeneous Buchsbaum k-algebras
in terms of d = dimA, c = codimA and q = indegA and to define the notion of Buchsbaum
homogeneous k-algebras with minimal multiplicity of degree q.
Throughout this section, we use the following notation, unless otherwise specified: Let
S = k[X1, . . . , Xv] is a polynomial ring and I is an ideal of S with q := indeg I ≥ 2, and
let A = S/I be a homogeneous k-algebra with d := dimA ≥ 1, c := codimA ≥ 1 and
indegA = q, Let M (resp. N) denote the unique graded maximal ideal of A (resp. S).
Also, let Q be a parameter ideal of A which is generated by a linear system of parameters
a1, . . . , ad.
Before stating our result, let us recall a lower bound on multiplicities for Cohen–Macaulay
k-algebras. Under the above notation, we have
lA(A/Q) ≥ dimk k[Y1, . . . , Yc]/(Y1, . . . , Yc)
q =
(
c+ q − 1
q − 1
)
since A/Q is isomorphic to k[Y1, . . . , Yc]/L, where L is an ideal such that L ⊆ (Y1, . . . , Yc)
q.
Further, the equality holds if and only if a(A/Q) = q − 1. From this one can easily obtain
the following (see also [3]).
Proposition 3.1. Under the above notation, we also suppose that A is Cohen–Macaulay.
Then
(1) e(A) ≥
(
c+q−1
q−1
)
.
(2) a(A) = regA− d ≥ q − d− 1.
(3) The following conditions are equivalent:
(a) e(A) =
(
c+q−1
q−1
)
.
(b) a(A) = q − d− 1.
(c) A has q-linear resolution.
When this is the case, A/Q ∼= k[Y1, . . . , Yc]/(Y1, . . . , Yc)
q, where k[Y1, . . . , Yc] is a
polynomial ring in c variables over k.
The following theorem is the first main result in this paper, which generalizes the inequal-
ity in Eq.(3.1) and in Proposition 3.1.
Theorem 3.2. Under the above notation, we also suppose that A is Buchsbaum. Then
(1) Σ(Q) ⊆Mq−1 +Q.
(2) The following inequality holds:
e(A) ≥
(
c+ q − 2
q − 2
)
+
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
M(A)).
Moreover, the equality holds in (1) (or (2)) if and only if [Σ(Q)]n = An for all n ≥ q − 1.
Proof. (1) It suffices to show that [Σ(Q)]n = [Q]n for all n ≤ q−2. Fix i with 1 ≤ i ≤ d. Set
B = A/(a1, . . . , âi, . . . , ad)A. Then B is a 1-dimensional Buchsbaum k-algebra, and we can
write as in the form B = k[Y1, . . . , Yc+1]/IB and H
0
M(B) = U/IB for some indeterminates
Y1, . . . , Yc+1 and some ideals IB ⊆ U of k[Y1, . . . , Yc+1]. Then indegU ≥ q−1 sinceMU ⊆ IB
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and indeg IB ≥ indeg I = q. Therefore if n ≤ q − 2 then[
(a1, . . . , âi, . . . , ad) : ai
(a1, . . . , âi, . . . , ad)
]
n
= [H0M(B)]n = 0.
Namely, [(a1, . . . , âi, . . . , ad) : ai]n = [(a1, . . . , âi, . . . , ad)]n ⊆ [Q]n for every n. This implies
that [Σ(Q)]n ⊆ [Q]n for all n ≤ q − 2.
(2) By Theorem 2.4, it is enough to show lA(A/Σ(Q)) ≥
(
c+q−2
q−2
)
. By (1), we have
lA(A/Σ(Q)) ≥
q−2∑
n=0
dimk[A/Σ(Q)]n =
q−2∑
n=0
dimk[A/Q]n.
Since indegA/Q ≥ indegA = q, we get
q−2∑
n=0
dimk[A/Q]n =
q−2∑
n=0
(
c+ n− 1
n
)
=
(
c+ q − 2
q − 2
)
.
It is easy to see the last assertion. 
Remark 3.3. Under the same notation as in Theorem 3.2, if, in addition, q > q′ ≥ 2, then
e(A) >
(
c+ q′ − 2
q′ − 2
)
+
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
M(A)).
Hence one can replace indegA = q with indegA ≥ q in the above theorem.
By virtue of the above theorem, we can define the notion of Buchsbaum homogeneous
k-algebras with minimal multiplicity, which generalizes the notion defined by Goto in [6].
Definition 3.4 (Minimal multiplicity). Under the same notation as in Theorem 3.2,
the ring A is said to be a Buchsbaum homogeneous k-algebras with minimal multiplicity of
degree q if the equality holds:
e(A) =
(
c+ q − 2
q − 2
)
+
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
M(A)).
We regard a polynomial ring as a Buchsbaum (Cohen–Macaulay) k-algebra with minimal
multiplicity of degree 1.
For Buchsbaum local rings, we can prove a similar inequality as that in the above theorem.
Namely, we have: Let (A,m, k) be a d-dimensional Buchsbaum local ring with c = codimA
and suppose that the m-adic completion Â = R/I, where (R, n) is a complete regular local
ring and I is an ideal of R such that I ⊆ nq. Also, let Q be a minimal reduction of m. Then
the same assertions in Theorem 3.2 hold; see the proof for [8]. Note that this yields [11,
Theorem 2.2] and [6, Theorem 4.1] when q = 2.
However we do not know whether the associated graded ring grm(A) := ⊕n≥0m
n/mn+1
of a Buchsbaum local ring with minimal multiplicity of degree q also has the same property
(especially Buchsbaum property) except the case of q = 2 yet. Namely, we do not have a
complete answer to the following question below; See also [5]. So we do not introduce the
notion of Buchsbaum local ring with minimal multiplicity of degree q here.
Question 3.5. Let (A,m, k) be a d-dimensional Buchsbaum local ring with codimA = c.
Suppose that Â = R/I such that I ⊆ nq, where (R, n) is a complete regular local ring and
I is an ideal of R.
If Σ(Q) = mq−1 +Q (or, mq = Qmq−1), then is the associated graded ring grm(A) of A
Buchsbaum?
The inequality in Theorem 3.2 does not necessarily hold in general for non-Buchsbaum
rings.
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Example 3.6. Let k be any field, and let q, d ≥ 2 be integers.
Put A = k[X0, X1, . . . , Xd]/(X0(X0, . . . , Xd)
q−1). Then
(1) A is a homogeneous k-algebra with dimA = d, codimA = 1 and indegA = q with
the unique maximal ideal m = (x0, . . . , xd)A.
(2) H0m(A) = x0A and A/H
0
m(A)
∼= k[X1, . . . , Xd]. In particular, e(A) = 1.
(3) A is Buchsbaum if and only if q = 2.
(4) e(A) ≥
(
c+q−2
q−2
)
+
∑d−1
i=1
(
d−1
i−1
)
lA(H
i
m(A)) = q − 1 if and only if q = 2.
4. Characterization
In this section, we give several equivalent conditions of Buchsbaum homogeneous k-
algebras with minimal multiplicity of degree q. In particular, we show that those rings
have q-linear resolutions and satisfy several boundary conditions; e.g., Hoa–Miyazaki theo-
rem and Kamoi–Vogel theorem.
In this section, we use the same notation as in the previous section, unless othwise spec-
ified. The following theorem is the second main result in this paper.
Theorem 4.1. Let A be a homogeneous Buchsbaum k-algebra with d = dimA ≥ 1, c =
codimA ≥ 1 and q = indegA ≥ 2. Let Q be a parameter ideal of A which is generated by a
linear system of parameters. Then the following conditions are equivalent:
(1) A has minimal multiplicity of degree q, that is,
e(A) =
(
c+ q − 2
q − 2
)
+
d−1∑
i=1
(
d− 1
i− 1
)
lA(H
i
M(A)).
(2) a(A) = q − d− 2.
(3) HiM(A) = [H
i
M(A)]q−1−i for all i < d and [H
d
M(A)]n = 0 for all n ≥ q − d− 1.
(4) A has q-linear resolution with
d−1∑
i=0
(
d
i
)
lA(H
i
M(A)) =
(
regA+ c− 1
c− 1
)
.
(5) Σ(Q) = Mq−1 +Q, that is, [Σ(Q)]n = An for all n ≥ q − 1.
When this is the case, we have
(a) regA = q − 1.
(b) Soc(HdM(A)) = [H
d
M(A)]q−d−2.
In the following, let us prove Theorem 4.1. Before proving the theorem, let us prove the
following lemma.
Lemma 4.2. Suppose that A is a Buchsbaum k-algebra with q-linear resolution. Then
[A/Σ(Q)]q−1 ∼= [H
d
M(A)]q−d−1.
Proof. Now consider the following direct system:
(A/Σ(a)) (d) −→
(
A/Σ(a2)
)
(2d) −→ · · · −→
(
A/Σ(aℓ)
)
(ℓd) −→ · · · ,
where the natural map
(
A/Σ(ak)
)
(kd) −→
(
A/Σ(aℓ)
)
(ℓd) is given by a multiplication
of (a1 · · · ad)
ℓ−k for 1 ≤ k < ℓ. Then ϕℓ :
(
A/Σ(aℓ)
)
(ℓd) −→ HdM(A) is injective and
lim
−→
(
A/Σ(aℓ)
)
(ℓd) = HdM(A) since A is Buchsbaum; see [5] or [18, Lemma 1.3]. The lemma
follows from the following claim.
Claim. Aq−1+(ℓ−1)d ⊆ (a1 · · · ad)
(ℓ−1)Mq−1 +Σ(aℓ) for every ℓ ≥ 1.
In fact, the claim follows from
Mq−1+(ℓ−1)d = Q(ℓ−1)dMq−1 ⊆ (aℓ1, . . . , a
ℓ
d)M
q−1+(ℓ−1)d−ℓ + (a1 · · · ad)
ℓ−1Mq−1.

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Proof of Theorem 4.1. We have already seen (1)⇐⇒ (5) in the proof of Theorem 3.2. So it
suffices to show (5) =⇒ (4) =⇒ (3) =⇒ (2) =⇒ (5). Now we put hi(A) = lA(H
i
M(A)) for
all i < d.
(5) =⇒ (4) : The assumption implies that Mq ⊆ MΣ(Q) ⊆ Q. This means that Mq =
Q∩Mq = QMq−1 since A is homogeneous. Thus A has q-linear resolution by Eisenbud–Goto
theorem (Theorem 2.5). In particular, regA = q − 1, and we get
(4.1) e(A) = eQ(A) = lA(A/Q)− I(A) =
(
c+ q − 1
q − 1
)
−
d−1∑
i=0
(
d− 1
i
)
hi(A).
On the other hand, by (5) =⇒ (1) we have
(4.2) e(A) =
(
c+ q − 2
q − 2
)
+
d−1∑
i=1
(
d− 1
i − 1
)
hi(A).
Comparing two equalities, we get
(4.3)
d−1∑
i=0
(
d
i
)
hi(A) =
(
c+ q − 2
c− 1
)
=
(
regA+ c− 1
c− 1
)
.
(4) =⇒ (3) : By a similar argument as above, we obtain that A has minimal multiplicity
of degree q. In particular, [Σ(Q)]q−1 = Aq−1. This implies that [H
d
M(A)]q−1−d = 0 by
Lemma 4.2 since A has q-linear resolution. On the other hand, HiM(A) = [H
i
M(A)]q−1−i for
all i < d and [Hdm(A)]n = 0 for all n ≥ q − d by Eisenbud–Goto theorem. Hence we get (3).
(3) =⇒ (2) : By the assumption we have a(A) ≤ q−d−2. However the converse is always
true; see Corollary 2.3.
(2) =⇒ (5) : Assume that a(A) = q − d− 2. Then for all n ≥ q − 1, we have
[A/Σ(Q)]n
ϕ1
→֒ [HdM(A)]n−d = 0.
Namely, [Σ(Q)]n = An for all n ≥ q − 1, as required.
We now prove that Soc(HdM(A)) = [H
d
M(A)]q−d−2 if a(A) = q − d − 2. It is enough to
show that [Soc(HdM(A))]n = 0 for all n ≤ q − d − 3. Consider the following direct system
described as above:
[A/Σ(Q)]n+d
a1···ad−→ [A/Σ(a2)]n+2d
a1···ad−→ · · · −→ [HdM(A)]n.
By [18, Proposition 3.8], we have
Soc(HdM(A)) ⊆ HomA(A/Q,H
d
M(A)) = ϕ2
(∑d
i=1 a1 · · · âi · · ·adΣ(Q) + Σ(a
2)
Σ(a2)
)
.
Since Σ(Q) = Mq−1 +Q, if j ≤ q + d− 3, then[
d∑
i=1
a1 · · · âi · · · adΣ(Q) + Σ(a
2)
]
j
=
d∑
i=1
a1 · · · âi · · · ad[Q]j−d+1 + [Σ(a
2)]j
⊆ a1 · · · adAj−d + [Σ(a
2)]j .
Hence [Soc(HdM(A))]n ⊆ [Imϕ1]n, that is, [Soc(H
d
M(A))]n =
[
Σ(Q):M
Σ(Q)
]
n+d
for all n ≤ q −
d− 3. It is enough to show the following claim.
Claim. [Σ(Q) : M]j ⊆ [Σ(Q)]j for all j ≤ q − 3.
Fix j ≤ q − 3. For any element ξ ∈ [Σ(Q) : M]j , M(Mξ) ⊆ MΣ(Q) ⊆ Q. Then for any
element a ∈ A1, aξ ∈ [Mξ]j+1 ⊆ [Q : M]j+1 = [Q]j+1 because Soc(A/Q) is concentrated in
degree q − 1. Hence Mξ ⊆ Q. That is, ξ ∈ [Q : M]j = [Q]j ⊆ [Σ(Q)]j , as required.
We have finished the proof of Theorem 4.1. 
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The first author [7] determined the Hilbert series of Buchsbaum k-algebras with q-linear
resolution. Thus we can also describe that of Buchsbaum k-algebras with minimal multi-
plicity.
Corollary 4.3. Suppose that A is a Buchsbaum homogeneous k-algebras with minimal mul-
tiplicity of degree q. Put d = dimA ≥ 2 and c = codimA ≥ 1. Then The Hilbert series
F (A, t) of A is given as follows:
F (A, t) =
1
(1− t)d
q−1∑
i=0
(
c+ i− 1
i
)
ti
+
1
(1− t)d
q+d−1∑
i=q
(−1)i+q−1

q+d−1−i∑
j=0
(
d
i+ j − q + 1
)
hj(A)
 ti.
Roughly speaking, a Buchsbaum homogeneous k-algebra with minimal multiplicity is not
Cohen–Macaulay.
Corollary 4.4. Suppose that A is a Buchsbaum homogeneous k-algebras with minimal multi-
plicity of degree q. Then A is Cohen–Macaulay if and only if it is isomorphic to a polynomial
ring and q = 1.
Proof. It follows from Proposition 3.1(2) and Theorem 4.1(2). 
In general, A/aA does not necessarily have minimal multiplicity even if so is A and a ∈ A1
is a non-zero-divisor.
Corollary 4.5. Suppoose that A is a d-dimensional Buchsbaum homogeneous k-algebras
with minimal multiplicity of degree q. Let a ∈ A1 be a non-zero-divisor of A and set A =
A/aA. Then
(1) A is a Buchsbaum k-algebra with q-linear resolution.
(2) A has minimal multiplicity if and only if Hd−1M (A) = 0.
Proof. In the following, we put hi(A) = lA(H
i
M(A)) for each i ≤ d− 1.
(1) The assumption implies that A has q-linear resolution by Theorem 4.1 (1) =⇒ (4).
Hence A also has q-linear resolution.
(2) We know that hi(A) = hi(A) + hi+1(A) for each i ≤ d− 2 since A is Buchsbaum and
a ∈M is a non-zero-divisor. Hence
d−2∑
i=1
(
d− 2
i− 1
)
hi(A) =
d−1∑
i=1
(
d− 1
i− 1
)
hi(A) − hd−1(A).
The assertion easily follows from this. 
Let us consider the case where A/H0M(A) is Cohen–Macaulay. Then one can obtain many
examples of Buchsbaum homogeneous k-algebras with minimal multiplicity of degree q.
Corollary 4.6. Under the same notation as in Theorem 4.1, if, in addition, A/H0M(A) is
Cohen–Macaulay, then the following conditions are equivalent:
(1) A has minimal multiplicity of degree q, that is, e(A) =
(
c+q−2
q−2
)
.
(2) A has q-linear resolution and lA(H
0
M(A)) =
(
c+q−2
q−1
)
.
(3) H0M(A) = [H
0
M(A)]q−1, H
i
M(A) = 0 for all 1 ≤ i ≤ d− 1 and [H
d
M(A)]n = 0 for all
n ≥ q − d− 1.
(4) A/H0M(A) has (q − 1)-linear resolution.
Proof. It follows from Theorem 4.1 and Proposition 3.1. 
Remark 4.7. The condition (4) does not imply that A has minimal multiplicity (we need to
assume indegA = q); see also Example 5.6.
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Example 4.8. If S/U is a Cohen–Macaulay k-algebra with (q − 1)-linear resolution, then
A = S/NU is a Buchsbaum k-algebra with minimal multiplicity of degree q with lA(H
0
M(A)) =
µS(U), where µS(U) denotes the minimal number of system of generators of U . For example,
(1) A = S/fN is a Buchsbaum k-algebra with minimal multiplicity of degree q provided
that f ∈ Nq−1 \Nq.
(2) For given integers c ≥ 1, q ≥ 2, if we put
A = k[X1, . . . , Xc, Y1, . . . , Yd]/(X1, . . . , Xc, Y1, . . . , Yd)(X1, . . . , Xc)
q−1,
then A is a Buchsbaum k-algebra with minimal multiplicity of degree q such that
dimA = d, codimA = c and A/H0M(A) is Cohen–Macaulay.
Remark 4.9. In [12], Kamoi and Vogel proved that the following inequality:
d−1∑
i=0
(
d
i
)
hi(A) ≤
(
regA+ c− 1
c− 1
)
for any homogeneous Buchsbaum k-algebra A. Our theorem 4.1(3) shows that any Buchs-
baum ring with minimal multiplicity attains the upper bound in this inequality. We do
not know whether the above equality implies that A has linear resolution (and thus it has
minimal multiplicity in our sense).
Furthermore, those rings satisfy “regA = a(A) + d + 1” because regA = q − 1 and
a(A) = q − d− 2. See Hoa–Miyazaki theorem.
Remark 4.10. For a Buchsbaum k-algebra A, it has maximal embedding dimension if and
only if it has 2-linear resolution.
It is known that any Buchsbaum ring with minimal multiplicity has 2-linear resolution;
see [6]. Our theorem 4.1 (1)⇐⇒ (4) generalizes this fact.
5. Examples
In this section, we first show that all non-Cohen–Macaulay, Buchsbaum k-algebras with
e(A) ≤ 2 have minimal multiplicities of degree at most 3. Next, we give several examples
of Buchsbaum homogeneous k-algebras with minimal multiplicity of higher degree using the
theory of Stanley–Reisner rings; see [16].
Throughout this section, let k be a field and S = k[X1, . . . , Xv] a polynomial ring over k
with the unique graded maximal ideal N.
5.1. Buchsbaum rings with small multiplicities. In [4], the first author classified non-
Cohen–Macaulay, Buchsbaum rings (A,m) with e(A) = 2 and proved that such a ring has
minimal multiplicity in the sense of Goto [6] such that hi(A) : lA(H
i
m(A)) = 0 for all i 6= 1, d
and h1(A) = 1 when d ≥ 2 and depthA > 0; see [4, Theorem 1.1] and also [6, Section 4]
for details. But, when depthA = 0, there exist a non-Cohen–Macaulay, Buchsbaum ring
with e(A) = 2 which does not have minimal multiplicity in the sense of Goto [6]. Now let
us show that such a ring has minimal multiplicity in our sense. Before doing it, we prove
the following lemma.
Lemma 5.1. Suppose that A = S/I is a homogeneous non-Cohen–Macaulay, Buchsbaum
k-algebra. Put d = dimA ≥ 2, c = codimA ≥ 1, q = indegA ≥ 2 and e = e(A). Then
(1) q ≤ e+ 1.
(2) The following conditions are equivalent:
(a) q = e+ 1.
(b) There exists an element f ∈ Nq−1 \Nq such that I = fN.
(c) A has minimal multiplicity of degree e + 1.
When this is the case, c = 1 and hi(A) = 0 for all i = 1, . . . , d− 1.
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Proof. (1) Suppose that q ≥ e+ 2. By Theorem 3.2 we have
e ≥
(
c+ q − 2
q − 2
)
≥
(
c+ e
e
)
≥
(
e+ 1
e
)
= e+ 1.
This is a contradiction. Hence q ≤ e+ 1.
(2) It is enough to show (a) =⇒ (b). We may assume that e ≥ 2. Suppose (a). By
Theorem 3.2 again, we have
e ≥
(
c+ e− 1
e− 1
)
+
d−1∑
i=1
(
d− 1
i− 1
)
hi(A) ≥
(
e
e− 1
)
+
d−1∑
i=1
(
d− 1
i− 1
)
hi(A) ≥ e.
This implies that c = 1, hi(A) = 0 for all i 6= 0, d and that A has minimal multiplicity
of degree q = e + 1. Take an ideal U such that H0M(A) = U/I. Then indegU ≥ 2 since
NU ⊆ I. Hence codimA/H0M(A) = 1 and thus A/H
0
M(A) is a hypersurface. So one can take
an element f ∈ N such that U = fS. Since fN ⊆ I ⊆ fS and e(A/H0M(A)) = e = q − 1,
we obtain (b). 
Remark 5.2. Most part of the above lemma is probably known. In fact, Hoa–Miyazaki
theorem implies that q − 1 ≤ regA ≤ a(A) + d+ 1 ≤ e(A) since A is Buchsbaum.
Proposition 5.3. Suppose d ≥ 2. Then any homogeneous non-Cohen–Macaulay, Buchs-
baum k-algebra A with e(A) ≤ 2 has minimal multiplicity whose degree is at most 3. To be
precise, we have:
(1) Suppose that e(A) = 1. Then A has minimal multiplicity of degree 2 with depthA =
0. Moreover, A/H0M(A) is isomorphic to a polynomial ring over k.
(2) Suppose that e(A) = 2. Then A has minimal multiplicity of degree q for some integer
q ≥ 2, and one of the following three cases occurs:
(a) q = 2 and depthA > 0. Then c = d and h1(A) = 1.
(b) q = 2 and depthA = 0. Then h1(A) = 1.
(c) q = 3 and depthA = 0. Then c = 1 and A/H0M(A) is Cohen–Macaulay.
Proof. When depthA > 0, the assertion follows from [4, 6]. So we may suppose that
depthA = 0 and that q ≥ 2.
(1) The assertion is clear. See also Theorem 3.2.
(2) By Lemma 5.1, we have q ≤ 3.
Case 1. when h1(A) ≥ 1:
We obtain that q = 2 by Lemma 5.1. Then A has minimal multiplicity and h1(A) = 1
since e(A) = 2 = 1 + h1(A) ≥ 2.
Case 2. when h1(A) = 0:
Set A = S/I, M = N/I, W := H0M(A) := U/I and B := A/W = S/U . Then B is a
hypersurface because it is Cohen–Macaulay and e(B) = 2. Thus there exists f ∈ N2 \N3
such that U = fS. Since fN ⊆ I ⊆ fS, we have I = fN. In particular, q = 3. Thus A has
minimal multiplicity of degree 3 and c = 1 by Lemma 5.1. 
Example 5.4 (See also [4]). LetX1, . . . , Xd, Y1, . . . , Yd, Y, Z1, . . . , Zc be indeterminates over
a field k.
(1) Put A = k[X1, . . . , Xd, Y ]/(X1Y, . . . , XdY, Y
2). Then A is a Buchsbaum k-algebra
with dimA = d, depthA = 0 and e(A) = 1. Also, it has minimal multiplicity of
degree 2.
(2) Put A = k[X1, . . . , Xd, Y1, . . . , Yd]/(X1, . . . , Xd) ∩ (Y1, . . . , Yd). Then A is a Buchs-
baum k-algebra with dimA = d, depthA = 1 and e(A) = 2. Also, it has minimal
multiplicity of degree 2.
(3) Put S = k[X1, . . . , Xd, Y1, . . . , Yd, Z1, . . . , Zc]. Also, if we put I = (X1, . . . , Xd) ∩
(Y1, . . . , Yd) + (Z1, . . . , Zc)N and A = S/I, then A is a Buchsbaum k-algebra with
dimA = d, depthA = 0, codimA = c and e(A) = 2. Also, it has minimal multiplic-
ity of degree 2.
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(4) Put A = k[X1, . . . , Xd, Y ]/(X1Y
2, . . . , XdY
2). Then A is a Buchsbaum k-algebra
with dimA = d, depthA = 0 and e(A) = 2. Also, it has minimal multiplicity of
degree 3.
By a similar argument as in the proof of Proposition 5.3 one can show that any non-
Cohen–Macaulay Buchsbaum k-algebra A with e(A) = 3 has minimal multiplicity in our
sense whenever q ≥ 3; see also Examples 5.5, 5.6. However, this is not true in general when
q = 2; see Example 5.6(2).
Example 5.5 (See also Lemma 5.1). Let U be a graded ideal of S such that B = S/U is
Cohen–Macaulay with e(B) = 3. If we put A = S/NU , then A is Buchsbaum such that
A/H0M(A)
∼= B and e(A) = e(B) = 3. Then either one of the following two cases occurs:
(1) B has maximal embedding dimension and A has minimal multiplicity of degree 3.
(2) B is a hypersurface and A has minimal multiplicity of degree 4.
There exists a Buchsbaum k-algebra A having minimal multiplicity with depthA = 0
such that A/H0M(A) is not Cohen–Macaulay; see the next example (3).
Example 5.6. Let S = k[X,Y, Z,W ] be a polynomial ring.
(1) If we set I = (X,Y, Z,W )(XW − Y Z, Y 2 − XZ,Z2 − YW ) and A = S/I, then
A/H0M(A)
∼= k[s3, s2t, st2, t3] is Cohen–Macaulay with 2-linear resolution. Thus A
is Buchsbaum with minimal multiplicity of degree 3. Also, we have:
H0M(A) = k(−2), H
1
M(A) = 0 and e(A) = 3.
(2) If we set I = (X,Y, Z,W )(Y Z,Z2) + (Y 2 −XZ) and A = S/I, then A/H0M(A)
∼=
k[X,Y, Z,W ]/(Y 2 −XZ, Y Z,Z2) ∼= grm(k[[t
3, t4, t5]])[W ] is Cohen–Macaulay with
e(B) = 3. Thus A is Buchsbaum with indegA(= indegB) = 2 and e(A) = 3. But
A does not have minimal multiplicity and
H0M(A) = k(−2)
⊕2, H1M(A) = 0 and e(A) = 3.
(3) If we set I = ((X,Y, Z,W )(XW − Y Z), Z3 − YW 2, Y 3 − X2Z,XZ2 − Y 2W ) and
A = S/I, then A is Buchsbaum with minimal multiplicity of degree 3 since
H0M(A) = k(−2), H
1
M(A) = k(−1) and e(A) = 4.
But A/H0M(A)
∼= k[s4, s3t, st3, t4] is not Cohen–Macaulay.
5.2. The case of Stanley–Reisner rings. One can find abundant examples of Buchsbaum
reduced k-algebras with minimal multiplicity in the class of Stanley–Reisner rings. In fact,
in [16] Terai and the second author [16] gave another definition of Buchsbaum k-algebras
with minimal multiplicity for Stanley–Reisner rings and have characterized those rings. This
paper was inspired their work.
Now let us briefly recall the theory of Stanley–Reisner rings. Let ∆ be a simplicial complex
on the vertex set V = [v] := {1, . . . , v}, that is, ∆ is a collection of subsets of V such that
(a) F ⊆ G, G ∈ ∆ =⇒ F ∈ ∆ and (b) {i} ∈ ∆ for i ∈ V . The dimension of F ∈ ∆ (F
is said to be a face of ∆) is defined by #(F ) − 1. Set dim∆ = max{dimF : F ∈ ∆}. A
complex is called pure if all facets (maximal faces) have the same dimension. Put link∆G =
{F ∈ ∆ : F ∪G ∈ ∆, F ∩G /∈ ∆}, the link of a face G in ∆.
Set I∆ = (Xi1 · · ·Xip : 1 ≤ i1 < · · · < ip ≤ v, {i1, . . . , ip} /∈ ∆)S. Then k[∆] = S/I∆
is called the Stanley–Reisner ring of ∆ over k. The ring k[∆] is a homogeneous reduced
k-algebra with d := dim k[∆] = dim∆ + 1. Moreover, q = indeg k[∆] ≤ d + 1 always
holds, and ∆ is (d − 1)-skeleton of (v − 1)-simplices of 2[v] whenever q = d + 1. Put
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fi = #{F ∈ ∆ : dimF = i} for all i ∈ Z. Then the Hilbert series of k[∆] can be written as
in the following form:
F (k[∆], t) =
d−1∑
i=−1
fit
i+1
(1− t)i+1
=
h0 + h1t+ · · ·+ hdt
d
(1− t)d
.
In particular, e(k[∆]) is equal to fd−1(∆), the number of facets F with dimF = d− 1.
In the following, let ∆ be a simplicial complex on V = [v] with dim∆ = d − 1. For
Buchsbaumness of Stanley–Reisner rings, the following fact is well-known. Note that k[∆] is
Buchsbaum if and only if it has (F.L.C.), that is, every local cohomology modules HiM(k[∆])
has finite length for i 6= d.
Fact 5.7. The following conditions are equivalent:
(1) k[∆] is Buchsbaum.
(2) ∆ is pure and k[link∆{i}] is Cohen–Macaulay (of dimension d− 1) for each i ∈ V .
(3) HiM(A) = [H
i
M(A)]0(
∼= H˜i−1(∆; k)) for all i < d.
In the class of Buchsbaum Stanley–Reisner rings, there exists a criterion for k[∆] to have
linear resolution in terms of h-vectors as follows:
Theorem 5.8 ([16, Theorem 1.3]). Suppose that A = k[∆] is Buchsbaum and 2 ≤ q ≤ d.
Put h = dimkH
q−1
M (A). Then the following conditions are equivalent:
(1) A has q-linear resolution.
(2) The h-vector h(∆) = (h0, h1, . . . , hq−1, hq, hq+1, . . . , hd) of ∆ is(
1, c, · · · ,
(
c+ q − 2
q − 1
)
, −
(
d
q
)
h,
(
d
q + 1
)
h, · · · , (−1)d−q+1
(
d
d
)
h
)
(3) The following equalities hold:
e(A) =
(
c+ q − 1
q − 1
)
− h
(
d− 1
q − 1
)
and I(A) = h
(
d− 1
q − 1
)
.
When this is the case, HiM(A) = 0 (i 6= q − 1, d) and the following inequalities hold:
0 ≤ h ≤
c(c+ 1) · · · (c+ q − 2)
d(d− 1) · · · (d− q + 2)
=: hc,d,q.
From this point of view, one can regard a Buchsbaum simplicial complex with minimal
multiplicity as a Buchsbaum complex with linear resolution and “maximal homology”.
Theorem 5.9 ([16, Theorem 2.3]). Suppose that A = k[∆] is Buchsbaum. Then
e(A) ≥
c+ d
d
(
c+ q − 2
q − 2
)
holds, and the following statements are equivalent:
(1) ∆ is a Buchsbaum complex with minimal multiplicity of degree q, that is, e(A) =
c+d
d
(
c+q−2
q−2
)
.
(2) A has minimal multiplicity of degree q in our sense.
(3) A has q-linear resolution with lA(H
q−1
M (A)) = hc,d,q.
(4) k[link∆{i}] has (q − 1)-linear resolution for all i ∈ V .
(5) The h-vector of A can be written as in the form of Theorem 5.8(2) and h = hc,d,q.
(6) k[∆∗] has pure and almost linear resolution and a(k[∆∗]) = 0, where ∆∗ = {F ∈
∆ : V \ F /∈ ∆} denotes the Alexander dual complex of ∆ :
0→ S(−(c+ d))β
∗
q → S(−(c+ q − 2))β
∗
q−1 → · · · → S(−c)β
∗
1 → S → k[∆∗]→ 0,
where S = k[X1, . . . , Xv] and β
∗
q = hc,d,q.
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Let us pick up some examples of Buchsbaum complexes with minimal multiplicity from
[16].
Example 5.10. ∆ is a Buchsbaum complex with minimal multiplicity of degree 2 if and
only if it is a finite disjoint union of (d− 1)-simplices.
When this is the case, k[∆] is isomorphic to
k[Xij : 1 ≤ i ≤ d, 1 ≤ j ≤ e]/(XprXqs : 1 ≤ p, q ≤ d, 1 ≤ r 6= s ≤ e),
where e = e(k[∆]), the number of connected components of ∆.
Now let us recall a cyclic polytope. The algebraic curve M ⊆ Rf parametrically by
x(t) = (t, t2, . . . , tf ) is called the moment curve. Let n ≥ f + 1 be an integer. A cyclic
polytope with n vertices, denoted by C(n, f), is the convex hull of any n distinct points on
M . Note that C(n, f) is a simplicial f -polytope. Next example provides us d-dimensional
Buchsbaum reduced k-algebras of degree q for given integers 2 ≤ q ≤ d.
Example 5.11. Let q, d be given integers with 2 ≤ q ≤ d. Put n = 2d − q + 2 and
f = 2(d − q + 1). Let ∆ be the Alexander dual of the boundary complex Γ of a cyclic
polytope C(n, f). Then since k[Γ] satisfies the condition (6) in Theorem 5.9, we obtain
that k[∆] is a d-dimensional Buchsbaum Stanley–Reisner ring with minimal multiplicity of
degree q with h = hc,d,q = 1.
For a given integer n ≥ 5 such that n ≡ 0, 2 (mod 3), there exists a 2-dimensional
Buchsbaum complex on [n] with minimal multiplicity of degree 3; see [9, 16, 17].
Example 5.12. Let ∆ be a simplicial complex on V = [5] spanned by {1, 2, 3}, {1, 3, 4},
{1, 4, 5}, {2, 3, 5} and {2, 4, 5} as follows:
∆ =
❅
❅
❅
 
 
 
 
 
 ❅
❅
❅• •
• •• •
•
1
2 55 2
3 4Then
k[∆] = k[X1, X2, X3, X4, X5]/(X1X2X4, X1X2X5, X1X3X5, X2X3X4, X3X4X5)
= k[X1, X2, X3, X4, X5]/(X1, X4) ∩ (X4, X5) ∩ (X2, X5) ∩ (X2, X3) ∩ (X1, X3)
is a 3-dimensional Buchsbaum rings with minimal multiplicity of degree 3.
In general, the following problem remains open when d ≥ 4. When q = d, it suffices to
show the existence of (d− 1)-dimensional Buchsbaum complexes with minimal multiplicity
of degree q with codim k[∆] = c; see [17].
Problem 5.13. Let c, d, q, h be integers with c ≥ 2, 2 ≤ q ≤ d and 0 ≤ h ≤ hc,d,q.
Construct (d − 1)-dimensional Buchsbaum complexes ∆ with q-linear resolution such that
codim k[∆] = c and dimkH
q−1
M (k[∆]) = h.
5.3. The case of integral domains. There are many examples of homogeneous Buchs-
baum integral domains having linear resolutions; see e.g., [1, 3, 7]. However we have no
examples of Buchsbaum homogeneous integral domain over an algebraically closed field k
with minimal multiplicity of degree q ≥ 2. Indeed, our examples described before are not
integral domains.
Discussion 5.14 (See [3]). Let d ≥ 2, hi (1 ≤ i ≤ d − 1), s ≥ 0 be integers. Let k
an algebraically closed field. Then there exist d-dimensional Buchsbaum homogeneous k-
algebra A which are integral domains having q-linear resolutions with codimA = 2 and such
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that dimkH
i
M(A) = h
i for all i = 1, . . . , d− 1, where
q =
d−1∑
i=1

d+2−i∑
j=1
(−1)j · (j − 2) ·
(
d+ 2
i+ j
)hi + s− 3.
But this number q is too big to satisfy the condition (4) in Theorem 4.1.
The following proposition is maybe well-known for experts.
Proposition 5.15. Let A be a Buchsbaum homogeneous k-algebra with minimal multiplicity
of degree at most 2. Suppose that k is algebraically closed and that A is an integral domain.
Then A is isomorphic to a polynomial ring.
Proof. By Abhyankar’s result mentioned as in the introduction, we have embdim(A) ≤
e(A) + dimA − 1. On the other hand, embdim(A) = e(A) + dimA− 1 + I(A) since A has
maximal embedding dimension. Hence I(A) = 0, that is, A is Cohen–Macaulay. Thus A is
a polynomial ring by Corollary 4.4. 
Based on the above observation we pose the following conjecture:
Conjecture 5.16. There is no Buchsbaum homogeneous integral domain over an alge-
braically closed field with minimal multiplicity of degree q ≥ 2.
In the above conjecture we cannot remove the assumption that k is algebraically closed.
Example 5.17 (See [4]). Let K/k be an extension of fields of degree 2, and set B =
K[X1, . . . , Xn], a polynomial ring. Then A = {f ∈ B : f(0, . . . , 0) ∈ k} is a homogeneous
Buchsbaum k-algebra with minimal multiplicity of degree 2 since e(A) = 2.
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